In our days there is a widespread analysis of Wasserstein distances between theoretical and empirical measures. One of the first investigation of the topic is given in the paper written by Ajtai, Komlós and Tusnády in 1984. Interestingly all the neighboring questions posed by that paper were settled already without the original one. In this paper we are going to delineate the limit behavior of the original statistics with the help of computer simulations. At the same time we kept an eye on theoretical grasping of the problem. Based on our computer simulations our opinion is that the limit distribution is Gaussian.
Introduction
Let ((X i , Y i ), i = 1, . . . , n) be independent points uniformly distributed on the d dimensional unit cube. The AKT statistic W n is the minimum of
taken on all permutations π of (1, . . . , n). We call the statistics Wasserstein distance. Using computer experiments we are going to investigate the asymptotic behavior of W n as d = 2 and n goes to infinity. Based on our computer simulations we think that if n ≤ 2048, then the hazard rate function of the distribution of W n − β log(n) is proportional to an appropriately scaled Gaussian distribution function with β = 0.11.
History
The AKT statistics were introduced in [1] . In that paper the authors proved that there exist positive constants c 1 , c 2 such that with probability going to 1 c 1 log(n) < W n < c 2 log(n) (2) holds true. The origin of this statistic goes back to the one dimensional Shapiro-Wilks statistic for testing normality. In [2] the case d = 1 was investigated. The AKT statistics were generalized in [10] while a new proof was given for (2) in [12] . Talagrand next investigated the case d ≥ 3 in [11] and settled all the observable questions. Talagrand's estimates for d = 2 were sharpened in [7] . A broad introduction to transportation theory is presented in [14] . The first application of the AKT theorem was in bin packing [5] . A numerical investigation of the distribution of the statistic was given in [8] . Matchings on the Euclidean ball were investigated in [3] . The paper [13] investigates the rate of convergence in abstract settings. An investigation of different types of matchings was given in [6] . In [4] distributions supported on a manifold embedded in a Hilbert space were investigated.
Dyadic dynamics
Starting with n = 2 0 points we evolve n = 2 k , k = 1, 2.. point pairs in such a way that in each step the original points remain and simultaneously a new set of point pairs are supplanted. We call the original kids "old" and the new ones "young". Having two types of kids, boys and girls, there are four possibilities for matching:
-old girls with old boys (OO k ), -old girls with young boys (OY k ), -young girls with old boys (Y O k ), -young girls with young boys (Y Y k ). The matchings OO k and Y Y k are independent, and similarly OY k and Y O k are independent while the costs OO k and OY k are correlated. The cost is the Wasserstein distance W n between the corresponding set of points. For small values of n the approximation EW n = β log(n + α) + γ is more accurate. Figure 1 shows the averages of costs of 296 repetitions up to k = 11 with the above theoretical function. Here α = 0.379, β = 0.160, γ = 0.117. The densities of the normalized differences of W n − (β log(n + α) + γ) are given in Figure 2 . Next generation costs OO k+1 are close to the averages
and the variance of the error is 0.101. The quadratic recursion
with an iid noise V k+1 agrees with our conjecture indicating that the quadratic recursion might be valid for two dimensions only. In Euclidean space for arbitrary points a, b, c, d
holds true. Similarly in our case
holds true -where GG and BB are the girls-girls, boys-boys distances. For stacionarity
must be hold. According to our computer experiences a = 0.45, b = 0.41 and the error term is 0.06. The distribution of the V error term seems to be double exponential.
Pictorial presentation of the Hungarian Algorithm
The engine of the Hungarian Algorithm is the system of shadow prices a(i), b(j) such that
where c(i, j) is the cost of the marriage of a pair (i, j). In Figures 3 and 4 we give a pictorial presentation of the prices for n = 1024 and n = 2048. Here we used toroid distances and the colors of points of the unit square shows the price of the closest kid to the point, i.e. the a(i) in case the closest kid is a girl and the b(j) otherwise. The keys of colours are given on the margin. Pixel statistics are given for the colours, first number stands for wives, second for husbands. E.g. in Figure 3 there are 32 yellow wives and 69 husbands. Dark blue represents the minimal value, which is zero for the value of the last wife is always zero. The maximal value for n = 1024 is 0.02499 and it is 0.01654 for n = 2024, they are represented by yellow colour. The kids themselves are complementarily coloured for seeing them. Circles represent girls, squares represent boys. Marriages are shown by gray lines. For neglecting complications of toroid topology girls having a husband on the other side of the unit square are marked with an Andrew cross while their husband is not assigned. Interestingly usually there is one lake and one hill. The actual total costs of the marriages are W 1024 = 0.996, W 2048 = 1.654, thus the average distance in a marriage is around 0.02 causing the same or neighboring colours for wife and husband. We know that for a married couple (i, j) we have
hence all marriages are upwards directed according their colour. 1024 point-pair from the 2048 point-pairs in Figure 4 are identical with point-pairs given in Figure 3 , the others are generated independently. The situation not much changed. The bordering lines of colours for n = 1024 are simpler than for n = 2024.
Asymptotics
For the distribution of W n the best approximation achieved by us is a distribution determined by its hazard rate function. Let us denote the tail distribution of a one-dimensional random variable by Q(t). The hazard rate r(t) is the derivative of − log Q(t). Customarily hazard rates are defined for survival functions, belonging to positive random variables. The concept is extendable naturally for random variables taking values between −∞ and ∞ too. Although W n is positive, the best approximation comes from this broader class of distributions. The hazard rate is an arbitrary non-negative function having infinite integral on the real line. In our case it is proportional to Φ(t) the distribution function of a standard normal random variable. Its integral up to an x is equal to xΦ(x) + ϕ(x), where ϕ(x) is the standard normal density function. By definition it equals to − log Q(x). Applying the relation r(x) = f (x)/Q(x), where f (x) stands for the density function we get
The derivative of log f (x) is ϕ(x)/Φ(x) − Φ(x), which is for x going to −∞ close to −x, for x going to ∞ it is going to (−1) and it is monotone decreasing. Thus for negative x-s the distribution resembles a double exponential distribution but for positive x-s it turns to be a single exponential. That is why f is increasing first sharply to its modus around 0.3 and it is slowly decreasing after that value. We are going to build up a three parameter family around the above distribution. The first step is Cox regression. Let λ be arbitrary positive number, then ρ λ (t) = λΦ(t) is the hazard rate of the distribution with tail Q(t) λ and for any real µ and positive σ the linear transformation presents the density
Let us denote by X λ a random variable corresponding to the hazard rate λ . Let λ > 0, σ > 0, µ be arbitrary real numbers, then f (x | µ, σ, λ) is the density of σX λ + µ. Thus µ is the location parameter, σ is the scale parameter and λ is the shape parameter of the distribution. Figure 5 .
shows the density of the distribution of X λ /(λ) α with α = 0.4, for eleven different λ from 0.1 to 10. For small λ, one can see that the distribution of X λ /(λ) α has an intensively increasing first phase and after it becomes similar to the exponential distribution. On the other hand for large λ it turns to be just the opposite.
The estimates of the parameters σ and λ are highly correlated, unfortunately our present sample size is not large enough to decide whether the value of the parameter λ differs significantly from 1 or not. If it does so then the question is the tendency of λ as n goes to infinity. With λ = 1 the tendency of σ is not clear: it is increasing from 0.08 up to 0.14 and perhaps remains bounded.
The dynamic (5) has a second condition (not presented here) in addition to (6) . It ensures the boundedness of variance. For that condition we have to know the covariances of the costs of different matchings. First it was an unsettled riddle for us what is the joint distribution for the six transportation costs plus error term resulting in a Gaussian hazard rate with stationary distribution. In order to settle this question the ideas of the paper [9] turned out to be useful: even the reference to the Euclidean relation (4) comes from the possibility that Euclidean relations might be generalized into transportation equations. In the next section we are going to discuss a partial solution of the riddle.
A seven dimensional model
For fixed k we generate four times 2 k of points, two sets of girl and two sets of boys. Let us label then A, B, C, D. (A is the set of old girls, B is the set of young girls, C is the set of old boys, and D is the set of young boys.) There are six Wasserstein distances among them:
W 1 is independent of W 4 and its relation with the others is symmetric. In building a joint distribution for the six variables we use an autoregressive model: the conditional distribution of W i+1 given (W 1 , . . . , W i ), is a distribution with Gaussian hazard rate with arbitrary σ i , λ = 1 and
The pairs (γ i0 , µ i ) for k = 10 are the followings: For smaller k the tendency is similar, the leading terms γ i0 follow the general logarithmic trend and the σ i -s are practically the same. It goes without saying that they diverse in i. The autoregressive coefficients are the following: Table 1 . These coefficients are mostly small and they are negative for independent pairs. The conditional distribution ofW 1 for k + 1 is similar: the gammas follow the original pattern found with linear regression and the standard deviations are around 0.055.
We can test the model in the following way. Having a well parametrized 67 dimensional distribution we can generate independent 67 dimensional random vectors as many times as many samples we have in the unit square. Presently it is 817. Next we use the Hungarian algorithm to determine the Wasserstein distance of the two point systems: it is around 1440. Finally we generate new random samples and determine their distances. Interestingly it is larger then 1440, its average is 1470 with deviance 10. It means that the structure of the unit-square sample is a bit tighter than our autoregressive scheme. But a simple trick settles the trouble: if we multiply all standard deviation parameter σ with 0.975 then the unit-square Wasserstein get in the middle of model Wassersteins.
If X is an arbitrary real random variable and Q(x) is its tail probability P (X > x), then the distribution of Q(X) is uniform in the interval (0, 1). The integrated hazard rate
equals to − log(Q(x)), thus the distribution of R(X) is standard exponential and the distribution of exp(−R(X)) is again uniform in (0, 1). So we can test the hypothesis that the distribution of the 67 dimensional Wasserstein statistics belongs to the three parameter family (8) testing the uniformity of this statistics. Of course we can not use the original Kolmogorov cut-points because we use estimated parameters, we have to calibrate the cut-points by random sample. In our case for levels 0.05, 0.01 they are 0.84, 1.37. The value of the actual statistic is 1.00 since this new Wassertstein statistics might have Gaussian hazard rate. The corresponding statistics for points in the unit square are the followings. Here k is number of number of doublings in the dynamics, No is the sample size. We have 817 different runs and for k = 11 and the sample size for k < 11 it is 6 * 817. We multiply the maximal difference between empirical and theoretical distributions with √ No but for k < 11 the Wasserstein distances are not independent. It might be the reason that even for k = 10 we have a borderline result. Of course we are aware the fact that for k = 0 the Wasserstein statistics has a different distribution and perhaps the situation is similar for small k-s. This tendency is clearly shown by the Kolmogorov statistics.
We generated five times data matrix by the theoretical model. Columns headed by R1,...,R5 gives the corresponding Kolmogorov statistics. As one can observe the statistics have rather long tail arising perhaps from the interwoven dependence structure.
The Ajtai statistics
In paper [1] the saddle point method is used to prove inequality (2) . Appropriate Lipschitzean functions are developed to prove the left hand side while for the right hand side an ad-hoc matching algorithm due to Miklós Ajtai is used. The algorithm is based on the following elementary concept.
Definition Let s be a positive integer, t = 2s and A = (a 1 , . . . , a t ) arbitrary reals. The median bits B = (b 1 , . . . , b t ) of A are (0, 1)-s defined by the properties In case there are no ties in A, B is uniquely defined.
Let k be an arbitrary natural number, n = 4 k , and Z = (Z i , i = 1, . . . , n) be a system of arbitrary two-dimensional points. In a step-by-step procedure we order a 2k long bit sequence to each of the points in Z. As an initial step we construct a set A from the first coordinates of Z. Having the corresponding B we divide Z into two subsets according to the bits in B and for each of that subsets we form the median bits from the second coordinates.
From these initializations we proceed in the same manner. Using the bit sequences ordered to the points so far first we develop the next bits from the subsets formed of the first coordinates having the same bit sequences generated so far and next we turn to the second coordinates. Applying the procedure independently for two iid two dimensional sets X and Y in the role of Z the matching is supplied by the identical bit sequences. In course of the algorithm step by step the size of subsets is halved and finally it is reduced to one, thus for all possible 2k long bit sequence we have exactly one point in X and one in Y , and it makes the matching. In a certain sense we construct a two-dimensional ordering merging the orders according the two coordinates. Let b be an arbitrary 2k long bit sequence and
The expected value of the first coordinate of the corresponding points in X or Y are labelled by b is c/(2 k +1) and for the second coordinate it is d/(2 k +1). (Let us note here that in our notation X and Y are two sets of two dimensional points and the coordinates are (x i1 , x i2 ), (y i1 , y i2 )).
Let us observe that the marginal quantile transform applies for the algorithm: the matching itself does not depend on any monotone transform. (The marginal quantile transform is F (x i1 ), i = 1, . . . , n for the first coordinates and G(x i2 ), i = 1, . . . , n for the second coordinates if the coordinates are independent and the distribution of the first coordinates if F and that is G for the second coordinates.) Utilizing the mean limits offered by the algorithm we are deeply concerned that the limit distribution for any distributions has the form
where the x i -s are independent standard normals and the c i -s are appropriate coefficients. We guess that such random variables have monotone increasing hazard rates, and for certain coefficients the hazard rate function is bounded while for others it goes to infinity. If the multiplicity of the maximal coefficients is high then the leading term of the distribution has a chi-square distribution with large degree of freedom what is approximately normal. The correlation between Hungarian and Ajtai algorithms for uniform distribution is 0.896 which is astonishingly high. It proves that the Ajtai algorithm is very efficient. Even it is efficient concerning the average but surprisingly it is efficient in measuring the habits of the sample for having good marriages. Now it is a standard observation for Wasserstein couplings: the condition that for any finite set of marriages no reordering of the couples could improve the sum of distances is sufficient. For large number of points the condition is hard to check. We use the simplest case with two couples, it is labeled us "adhoc improving". One can say that it is natural that its correlation with original Ajtai is as high as 0.981 because our ad-hoc improving starts with the Ajtai coupling. But its correlation with the optimum is also improved: it is now 0.94.
Discussion
The original Ajtai algorithm uses numerical medians and linear transformations fitting the medians to the interval halving. First we apply the median of the whole set of first coordinates and imagine a vertical line dividing the unit square accordingly. The number of points in the rectangles are equal. Next we divide independently with appropriate horizontal lines the left hand side and right hand side rectangles in such a way that the number of points in the four rectangles should be equal. Roughly what happen in the four rectangles are independent from each other if it is accordingly scaled. This concept leads to a dynamical equation similar to (3) but in this case the four terms are independent. This type of recursion immediately leads to a normal limit distribution. When we believed that the limit distribution is not Gaussian we desperately struggled against such kind of dynamics but now we are content that the limit distribution is Gaussian for both cases of Ajtai and Wasserstein distance. Of course for Wasserstein distance the situation is more complicated. The Ajtai algorithm works for arbitrary number of points, we used the power of 4 only for didactical reason. 
